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The problem of resource allocation over time in a world of uncertainty 
has proven to be formidable indeed. Efforts to date have either removed 
the essential dynamics from the formulation or have produced complex 
backward optimization expressions of questionable usefulness. We deal 
with the development of an optimal strategy for the situation where 
potential projects arrive in accordance with a specified stochastic 
process. A project, once revealed, possesses a nonstochastic cash flow 
stream. The investor seeks to maximize his long-run rate of return (p). 
The resulting (implicit) expression involving p requires numerical 
solution in general. However, under certain conditions, a direct solution 
is possible. An illustrative example is presented. 
Keywords: geometric mean strategy, logarithmic investment strategy, 
Poisson investment arrival processes 
Introduction 
The area of intertemporal resource allocation under 
conditions of uncertainty has received comparatively 
little attention in the literature. A number of investigators 
have employed the Capital Asset Pricing Model (CAPM) 
as the conceptual cornerstone for a theory of capital 
budgeting under risk. As related in Senbet and Thom- 
pson,’ the thrust of this development, which is exemplified 
by the work of Stapleton,’ Mossin and Bierman and 
Hass4 consists of an extension of the one-period equilib- 
rating process of the CAPM into a world essentially 
devoid of dynamism (e.g., nonstochastic market prices of 
risk and riskless rates). The price of injecting realism into a 
CAPM-based allocative model appears to be the cumber- 
some and questionably useful dynamic programming 
formulations of Bogue and Roll5 and Myers and 
Turnbull. 
A second line of approach, characterized by the work of 
Brummele, Shelby, and Schwab7 and Schwab and Lusz- 
tig,’ focuses on the dynamic aspect of project selection 
over time in the face of an opportunity stream that is 
stochastic in terms of arrival as well as comparative 
desirability. These efforts have their roots in the abandon- 
ment value work of Robichek and Van Home’ and 
others. Put simply, the conditions of mutual exclusivity 
and/or capital rationing are evoked to lend substance to 
the decision: “Should I invest my funds (or replace my 
assets) now, or should I wait for something better to come 
along?” 
Specifically, in Ref. 7 the authors develop a model 
where the arrival of a new investment can call forth the 
following actions: wait, accept, search for new projects (at 
a cost), or abandon an old project. The objective function 
of maximizing expected net present value (NPV) (i.e., 
optimization under risk neutrality) leads to a formidable 
functional equation for the case of a memory-free (Mar- 
kov) arrival process, where the decision variable is the 
action set. This process is pursued for simplified cases 
involving no cash throw-off, perpetual availability, divisi- 
bility, all-or-none actions, and other characterizations. 
These efforts lead to somewhat tractable rules for action, 
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but the cost may be high in sacrificed realism and 
generalizability. 
This paper deals with the development of an optimal 
strategy for the investor who wants to maximize his long- 
run rate of return (11) in the case when the projects, once 
revealed, have nonstochastic cash returns. The opportun- 
ity arrival pattern is assumed to be random (Poisson).* 
The expression developed involves p implicitly and 
requires numerical solution in the general case. However, 
in the situation when a certain “linearity assumption” can 
be made, p can sometimes be accurately approximated if 
the distribution of probject arrival types is not too 
complicated. The above assumption is reasonable when 
any one of several conditions is met. One such sufficiency 
condition is that uninvested funds are not usually a 
significant percentage of total endowment (in the long 
run). 
The conclusions in this study can also be reached by 
using the “noisy rational expectation” approach which is 
similar to Admati,rz Admati and Ross,‘~ Myers and 
Majluf,14 and Epstein and Turnbull.’ In a manner 
different from these studies, we focus on how to perform, 
instead of finding, the reliable performance measures. 
Furthermore, in the return generating process, the CAPM 
assumed by these studies creates some difficulties. First, 
the CAPM explicitly assumes that relative prices of 
consumption goods are constant, an assumption that is 
often violated when we are referring to price speculation 
itself. Fama6v7 demonstrated that if investors’ market 
portfolio behavior under certainty were unaffected by 
relative prices, then their behavior under uncertainty 
would be unaffected by the actual distribution of relative 
prices, and the conclusion of the CAPM would still be 
valid, in spite of the price uncertainty. However, Fama’s 
assumption may be too strong. Relaxing the nonstat- 
ionarity assumption, Constantinides8 showed that “the 
sequential application of the security market line model in 
discounting of stochastic cash flows of multiperiod pro- 
jects becomes computationally complex and of little 
practical use.” 
Second, many studies have found that the CAPM may 
be misspecified (Banz,” Basu,*’ Reinganum’). The well- 
known Roll’s’ critiques pointed out that the only way to 
test the CAPM directly is to see whether or not the true 
market portfoiio is ex post efficient. Unfortunately, 
because the market portfolio contains all assets (stocks, 
bonds, houses, land and human capital, etc.), it is impo- 
ssible to observe. Although the Arbitrage Pricing Theory 
of Ross3 requires neither the market portfolio nor risk 
aversion, because of the theoretical and empirical con- 
troversy, it is not known how useful the model is in 
resolving these difficulties. **+ Since our model does not 
rely on the CAPM, our study will not suffer from any of 
these weaknesses. 
*The Poisson process is consistent with Cox and Ross,” who developed 
an option pricing formula based on a certain class of jump processes. 
Mcrton” used the CAPM to evaluate options on securities involving 
more general jump processes. 
*ShankeY has questioned the testability of the Arbitrage Pricing 
Theory. Dhrymes cf al.” also challcngcd the model based on empirical 
evidence. 
‘Chen (II u/.” incorporated macro variables, such as inflation, GNP, and 
long-term interest rate premium to study the return generating process. 
These variables should have significant influences on the arrival of 
investment opportunities and the long-run rate of return considered by 
this study. 
Technical development 
Consider a firm with an initial endowment, W(O), which at 
time t grows to B’(t). This endowment consists of liquid 
funds (“cash”) invested at the riskless rate, ro, and a set of 
investments that are nonliquid (or, equivalently, which 
can be sold only at an unfavorable discount from their 
value). The firm is faced with a series of investment 
opportunities under some specified stationary arrival 
process. For a project opportunity arriving at t, the firm 
may invest a fraction, cl(t), of its cash, K(t). Accepted 
investments will generate a series of (deterministic) cash 
flows in the future (the “regeneration” of investable cash, 
even with a fixed endowment, generalizes the principal 
case developed in Ref. 7). This approach is also consistent 
with Myers,27 who suggested that, in addition to assets in 
place, a substantial portion of the value of a firm is 
composed of intangiable assets in the form of future 
investment opportunities. 
We define the cumulative return, R(t), from 
W(t) = W(0)eRc’) (1) 
We require that the long-run average compound rate of 
return associated with a given strategy stabilize in the 
limit. Thus, 
The above assumption, taken with the stationarity of 
arrival opportunities, essentially implies that the invest- 
ment strategy is time independent and consistent. 
Since pI > p2 implies, from (1) and (2), that 
lim Pr[W,(t) > Wz(t)] = 1 
r+5 
(3) 
it seems reasonable to seek the strategy that maximizes p. 
Thus, of all consistent strategies having stable long-run 
average growth rates, we seek the highest possible rate. By 
selecting this strategy, we shall outperform any other 
strategy in the long-run (almost surely). 
The stationarity of both the arrival process and invest- 
ment strategy implies that 
lim E F =p 
I + x1 
r-o [ 1 
The above expression is useful in evaluating the p of a 
given strategy. We begin by noting that the endowment 
satisfies 
iv(t) = K(t) + 7r(t) (5) 
where r~(t) is the value of the portfolio of nonliquid 
investments at t. Next, we assess the differential behavior 
of f+‘(t). The cash increment is 
AK(t) = r. K(t) Ar + AD(t) - cc(t)K(t) AN(t) + o(At) 
(6) 
where r0 is the riskless rate, AD(t) is the dividend received 
over At (i.e., D(t) is the cumulative dividends received), a(t) 
is the fraction of current cash invested in the new project 
arriving during At, AN(t) is unity if a project arrives and 
zero otherwise, and o(At) is of second order in At. The 
fraction a(t) may depend on any number of factors, 
including the merits of the newly arrived project. We 
assume the entire range, 0 da(t) < 1, is possible (i.e., 
proportional returns to scale). 
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To obtain the portfolio increment, A+), we must make 
certain assumptions. Since the investment opportunity, 
once revealed, involves deterministic cash flows, we find 
its present value, V(t), by discounting the stream at the 
long-run achievable rate, p, provided by the strategy. The 
portfolio increment is therefore 
Arc(t) = - AD(t) + &t) At + K(t)a(t)V(t) AN(t) 
where 
+ o(At) (7) 
V(t) = 
s 
mexpC--p(T- t)l dY,(T) (8) 
f 
x(T) is the cumulative (nonstochastic) cash flow through 
time T per dollar invested associated with the investment 
made at t. 
Although (7) is easily derived by taking the differential 
of n(t), it is more instructive to view each of its four terms 
separately. The first term, -AD(t), represents the decrease 
in portfolio value over the time increment, At, due to 
dividends paid (i.e., the ex-dividend value adjustment). 
The second term represents the rise in portfolio value over 
At (at the rate p) that is brought about by moving At by 
this amount (exclusive of dividends paid out). The third 
term represents the instantaneous increase in portfolio 
value due to the investment in a new opportunity. The 
amount invested is K(t)a(t)AN(t), and the increase in 
portfolio value per unit invested is V(t). The last term 
represents terms of higher order in At. 
Rewriting (1) in differential form yields 
AR = ln[FV(t + At)/W(t)] = ln[l + AW(t)/W(t)] (9) 
Introducing (9) into (4) and replacing A W with AK + Arc 
(10) 
where arguments have been suppressed for simplicity. 
We now assume random arrivals of pportunities (i.e., 
Poisson arrivals) at the rate 1. Taking the expectation of 
(10) with respect to AN and eliminating the second-order 
term (since At+O) yields 
+,ln(l+K(F1))] (11) 
In (1 l), we used the relationship 
Pr(1 arrival in At) = 2. At + o(At) 
Next, we define the cash ration, y(t), as 
r(r) = K(r)lW(r) 
Also, from stationarity, we may define 
(12) 
(13) 
YO = fiz -%@)I 
Then (11) reduces to 
(14) 
CL = royo + ~(1 - yo) + fit E[ln(l + cr(V - l)y)] (15) 
Solving (15) for p yields 
p = y. + ,“, fit E[ln(l + c(( V - l)?)] (16) 
Although y(t) and V(t) in (16) are independent (due to the 
nature of the Poisson arrival process), a(t) for the strategy 
under consideration may depend on both. We shall 
restrict our attention to a particular class of strategies that 
contains the optimal strategy as one of its members. The 
following proposition defines this class. 
Proposition 
The optimal investment strategy in the case of deter- 
ministic cash flows and Poisson arrivals requires the 
investment of all available cash in projects with yields 
exceeding p and nothing in projects with yields less than p 
(equality leads to indifference). 
Proof 
Suppose the firm invests some cash in a project with 
return less than the long-run p it can achieve. Then the 
firm must do better than p in the future with the cash that 
flows in to be able to average p in the long run. This 
implies that another strategy exists that will do better than 
p, so the current strategy cannot be optimal. On the other 
hand, if less than 100 % of available cash is invested in a 
project with a return exceeding p, then the firm is holding 
back cash (i.e., investing it at the lower rate ro) in the hope 
of investing in the future at a rate higher than what is 
offered by the current project. Consequently, the firm is 
hoping to do better than p with cash laid aside. If this is 
possible, then the current strategy cannot be optimal. 
Therefore, the optimal strategy must be to invest on an all- 
or-nothing basis. Incidentally, this would not necessarily 
be true if the projects represented nondeterministic cash 
flows. 
Applying the proposition to (16) yields LX= 0 when 
return is less than p and, c1= 1 otherwise. Thus, 
~=ro+~~~~Pr[V>l]E[ln(l+(V-l)y)~V91] 
(17) 
Alternatively, (17) can be rewritten in terms of the 
long-run steady-state probability distributions: 
p=r,+;E 
[s 
mln[l +(V- l)y] dF(V) 1 (18) 1 
The expectation operator applies to the random variable, 
y, and dF(V) reduces to f(V) dV in the continuous case. 
The interpretation of the quantities in (18) is in terms of 
the steady-state distributions for these values. Note again 
that V and y are independent. 
Unfortunately (18) only defines /1 implicity because V is 
a function of ~1. Moreover, the logarithm makes formal 
integration all but impossible except in discrete cases. In 
addition, the probability distribution for y can be difficult 
to derive. There is apparently little that can be done to 
reduce (18) to a more convenient form without making an 
additional assumption. The logarithm can be linearly 
approximated in the case when (V - 1)~ tends to be small 
compared to unity. This assumption would be reasonable 
when (fractionally) little of the endowment tends to be in 
cash (i.e., y is small), or when an opportunity rarely arrives 
that yields an unusually high V. The second situation 
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would be the case when good investments tend not to be However, it is clear the true optimal solution will not be 
significantly different from one another (keeping 1/- 1 far from p = 0.1575 since the general magnitude of 
small), whereas the first would be the case when good (V - 1)y will tend to be small, thereby providing for a good 
investments arrive at a high enough rate to keep y small. linear approximation to the logarithm in (18). 
Qualitatively, a small (V- 1) implies the arrival of a 
new opportunity, which usually does not bring about an 
immediate and significant percentage change in the 
endowment. This is possible if there is a conflict of interest 
between stockholders and bondholders (Myers,27 Black 
and Scholes2* and Jensen and Meckling29). A firm with 
outstanding debt may have incentive to reject projects 
that have a positive NPV if the benefit from accepting the 
project accrues to the bondholders without increasing 
shareholders’ wealth. 
Summary and conclusion 
With the linearity assumption, (18) reduces to 
l(=r,+A 
s 
m(V- 1) dF(l/) (19) 
1 
Solving (19) for the implicit variable p can be troublesome 
if the integration cannot be explicitly performed. How- 
ever, (19) easily lends itself to numerical procedures. We 
shall solve (19) for p in the next section from a special class 
of problems. 
As an aside, if the proposition is not used to reduce (16) 
to (18) the linearity assumption transforms (16) to 
p = ro + WYo)ECaY( v - 111 (20) 
Moreover, if a is independent of y (as it should be in the 
case of deterministic cash flows where the objective is to 
maximize long-run returns on “disposable” cash), then 
(20) becomes 
In this paper we develop a procedure for the investment of 
liquid resources in opportunities that arrive at random 
but provide for deterministic streams once the opportun- 
ities are revealed. A strategy is sought that maximizes the 
long-run average compound rate of return, p. This 
strategy almost surely guarantees superior long-run per- 
formance. The solution to the general problem involves 
an implicit equation in ,D that can be reduced to a simple 
expression when a linearity assumption can be made. 
Qualitatively, the linearity assumption is appropriate 
when the arrival of a new opportunity is unlikely to bring 
about an immediate and significant percentage in the 
endowment. Given that many studies have found that 
future investment opportunity is an important element in 
determining the optimal capital structure of firms, it will 
be useful for further study to examine if the optimal 
capital structure of firms is influenced by the long-run 
average compound rate of return discussed by this study. 
Moreover, the relationship between our investment 
strategy and decentralization (Sharpe 30) also requires 
further examination. Without a long-run average return 
strategy, optimal decentralization may not be possible. 
/L==o+LE[a(V-l)] (21) 
It is clear from (21) that c1 should be set to zero when I/ < 1 
and to unity when V > 1, which is precisely what is cited in 
the proposition. 
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